Recently Li & Shafieloo (2019) proposed a phenomenologically emergent dark energy (PEDE) which consider that the dark energy density evolves as Ω DE (z) = Ω DE,0 [1 − tanh (log 10 (1 + z))] with the advantage that it does not have degree of freedom. Later on, Li & Shafieloo (2020) proposed a generalized model by adding one degree of freedom to the PEDE model, encoded in the parameter ∆. Motivated by these proposals, we constrain the parameter space (h, Ω m ) and (h, Ω m , ∆) for PEDE and Generalized Emergent Dark Energy (GEDE) respectively, by employing the most recent observational (non-) homogeneous Hubble data. Additionally, we reconstruct the deceleration and jerk parameters and estimate yield values at z = 0 of q 0 = −0.784 +0.028 −0.027 and j 0 = 1.241 +0.164 −0.149 for PEDE and q 0 = −0.730 +0.059 −0.067 and j 0 = 1.293 +0.194 −0.187 for GEDE using the homogeneous sample. We report values on the deceleration-acceleration transition redshift with those reported in the literature within 2σ CL. Furthermore, we perform a stability analysis of the PEDE and GEDE models to study the global evolution of the Universe around their critical points. Although the PEDE and GEDE dynamics are similar to the standard model, our stability analysis indicates that in both models there is an accelerated phase at early epochs of the Universe.
to consider a dynamical dark energy. For instance, there is no convincing fundamental hypothesis to explain the cosmological constant dominates the dynamics of the universe at late times, this is commonly known as the coincidence problem. Another crucial difficulty is to reconcile the estimations of the Λ energy density from quantum field theory with those of the cosmological data. These problems have inspired plenty of models (see Li et al. 2011, for a review) to explain that the late cosmic acceleration, some of them consider dynamical dark energy as a scalar field or a dark energy EoS parameterization (Barboza & Alcaniz 2008; Armendariz-Picon et al. 2001 , 2000 Linder 2003; Chevallier & Polarski 2001; Jassal et al. 2005; Sendra & Lazkoz 2012; Wetterich 1988; Caldwell et al. 1998; Caldwell 2002; Chiba & Nakamura 1998; Chiba et al. 2000; Guo et al. 2005; Magaña et al. 2017; Román-Garza et al. 2019; Amante et al. 2019) , interactions between dark energy and dark matter (Caldera-Cabral et al. 2009; Bolotin et al. 2015; Di Valentino et al. 2019; Hernández-Almada et al. 2020) , viscous DE Hernández-Almada 2019) , but also models without dark energy where the Einstenian gravity is modified (García-Aspeitia et al. 2018a , 2019c , 2018b , 2019b Övgün et al. 2018; Hernández-Almada et al. 2019) , and more recently, models that propose an emergent DE whose energy density is ρDE(z) ∝ tanh(z) (Mortonson et al. 2009; Dhawan et al. 2020; Li & Shafieloo 2019 . Reviews on Dark Energy (theory and observations) can be found in (Capozziello et al. 2006a,b; Copeland et al. 2006; Tsujikawa 2011; Bamba et al. 2012; Tsujikawa 2013 , and references therein).
On the other hand, studies with observational data pointed out that the DE could be evolving as function of the scale factor or redshift (Holsclaw et al. 2010; Zhao et al. 2017; Sola Peracaula et al. 2019) . Recently, the evidence from two different groups (Planck and Supernova Projects) show that there is a significant tension in the value of H0 (between 4.0σ and 5.8σ), predicting, from Planck data a value of H0 = 67.4 ± 0.5km s −1 Mpc −1 (Abbott et al. 2018) with 1% of precision, while for Supernovaes the value is H0 = 74. ± 1.4km s −1 Mpc −1 (see Riess et al. (2019) , and Verde et al. (2019) for details). Another interesting unexplained phenomena is related to an excess of radiation detected by the Experiment to Detect the Global Epoch of Reionization (EDGES, Bowman et al. (2018) at z ∼ 17, which could be due to the interaction of dark matter with baryons but other explanations related to the presence of emergent DE in early epochs can not be discarded (García-Aspeitia et al. 2019c,b) .
Therefore, it is plausible to consider, as a natural extension to the cosmological constant, dynamical dark energy (DDE) models as the cause for the accelerated expansion of the Universe. Recently, Li & Shafieloo (2019) introduced a phenomenological emergent dark energy model (PEDE), parameterizing the energy density of DE (with zero degree of freedom) using a hyperbolic tangent function, which is symmetric at logarithm scales (first attempts in the same line were done by Mortonson et al. (2009) ). In this model, the DE is negligible at early times but at late times the contribution of ΩDE increases, providing an alternative solution to the coincidence problem. The authors constrained the PEDE model using the latest data of Supernovae Ia (SNIa), Baryon Acoustic Oscillations (BAO) and the Planck measurements of Cosmic Microwave Background Radiation (CMB) and claim that it can solve the known tension problem with the Hubble constant. In this vein, Li & Shafieloo (2020) , generalized the PEDE model, constructing the Generalized Emergent Dark Energy model (GEDE), which contains two new parameters: ∆ indicates the model we are dealing (PEDE or ΛCDM) and a transition redshift zt, with ΩDE(zt) = Ωm(zt), establishing a relationship between the matter density parameter and ∆ (i.e. not a free parameter).
Here, we revisit and constrain the free parameters of the PEDE and GEDE models using the latest compilation of observational Hubble data (OHD). In addition, another vital study is the dynamical system analysis of these models. Dynamical systems analysis have provided to be very helpful to study the stability of several cosmological scenarios at background and perturbation levels (Basilakos et al. 2019) , for instance, Teleparallel Dark Energy (Xu et al. 2012; Karpathopoulos et al. 2018; Cid et al. 2018) , Galileons De Arcia et al. 2016; Giacomini et al. 2017; Dimakis et al. 2017; De Arcia et al. 2018) , Einstein-aether theories (Latta et al. 2016; Coley & Leon 2019; Leon et al. 2020) , Hořava-Lifshitz theory (Leon & Saridakis 2009; Leon & Paliathanasis 2019) , Higher order Lagrangians (Pulgar et al. 2015) , non-linear electrodynamics (Övgün et al. 2018) , quintom models (Lazkoz & Leon 2006; Lazkoz et al. 2007; Leon et al. 2018) , modified Jordan-Brans-Dicke theory (Cid et al. 2016; León et al. 2018; Giacomini et al. 2020) , scalar field cosmologies (Leon 2009; Leon & Silva 2019) , and other modified gravity models Kofinas et al. 2014; Leon & Saridakis 2015) . We investigate the stability of PEDE and GEDE models to search for different cosmic stages (i.e. radiation, matter, DE domination epochs) in order to demonstrate its feasibility with the standard ΛCDM model.
The paper is organized as follow: Sec. 2 we present the background cosmology of the PEDE and GEDE models. In Section 3, we constrain the parameters of PEDE and GEDE models using the latest sample of OHD, discussing the results in Sec. 3.1. Furthermore, in Sec. 4 we discuss the stability of both models through a dynamical system analysis. Finally, we present our remarks and conclusions in Sec. 5.
PHENOMENOLOGICAL EMERGENT DARK ENERGY COSMOLOGY
In this section we introduced the phenomenological emergent dark energy model proposed by Li & Shafieloo (2019) for which the DE is negligible at early times but it emerges at late times. We consider a flat Friedmann-Lemaitre-Robertson-Walker (FLRW) metric which contains matter (m, dark matter plus baryons), radiation (r), and PEDE. The dynamics of this Universe is described by the Friedmann equation and the continuity equation for each component as:
ρm + 3H(1 + wm)ρm = 0,
ρr + 3H(1 + wr)ρr = 0, 
The superscript (0) denotes quantities evaluated at z = 0 (or a = 1) and ΩDE(z) = Ω
from the flatness condition:
Notice that
Li & Shafieloo (2019) propose a phenomenological functional form for f (z) and hence ΩDE(z) as 2
where ΩDE → 0 at z → ∞ and ΩDE → 1.4 at z → −1.
Therefore, the dimensionless Friedmann equation results as
where the radiation density parameter at current epoch is calculated as Ω (0) r = 2.469 × 10 −5 h −2 (1 + 0.2271N ef f ), with N ef f = 3.04 as the number of relativistic species (Komatsu & et. al. 2011) , and h as the current Hubble dimensionless parameter. The PEDE EoS can be calculated as
By substituting (5) into Eq. (8) results
The deceleration parameter q = −äa/ȧ 2 can be rewritten in terms of redshift and E(z) as: 
1 The critical density is defined as
For completeness we also calculate the jerk parameter, j ≡ ... a /a H 3
where
ln (10) (1 + z) ln(10) ,
ln (10) (1 + z) 2 ln 2 (10) × tanh ln(z + 1) ln(10) ,
which deviates from one, the jerk value for the cosmological constant.
Generalized emergent dark energy
Recently, Li & Shafieloo (2020) proposed a generalisation for the PEDE model also known as GEDE model by introducing
where zt is a transition redshift, ΩDE(zt) = Ω (0) m (1 + zt) 3 , ∆ is an appropriate dimensionless non-negative free parameter with the characteristic that if ∆ = 0 the ΛCDM model is recovered, and when ∆ = 1 and zt = 0 the previously PEDE model is recovered. As zt can be related to Ω (0) m and ∆, then zt is not a free parameter. Notice that the DE density parameter is given by
The GEDE Friedmann equation is given by
The EoS for GEDE model is given by
The deceleration parameter reads (10) sech 2 ∆ ln 1+z 1+z t ln(10) 1 + tanh(∆ log 10 (1 + zt))
.
As a complement, we also calculate the GEDE jerk parameter using Eq. (11), where
OBSERVATIONAL CONSTRAINTS
A canonical test is to confront a cosmological model with the observational Hubble data (OHD) which gives direct measurement of expansion rate of the Universe. Currently, the OHD sample is obtained from the differential age technique (Jimenez & Loeb 2002; Moresco et al. 2012 ) and BAO measurements. In this work, we consider the sample compiled by Magaña et al. (2018) , which consists of 51 points in the redshift region 0.07 < z < 2.36. It is worth to note that 31 data points come from the cosmic chronometers, i.e. passive galaxies, however, 20 data points of this sample are estimated from BAO measurements under different fiducial cosmologies (based on ΛCDM), which could provide biased constraints. Nevertheless, Magaña et al. (2018) present also homogeneous BAO OHD points calculated using the sound horizon at the drag epoch from Planck measurements. Here, we use the full sample with non-homogeneous and homogeneous OHD data points from BAO. Thus, the figure-of-merit is given by
where H th (zi, Θ) − H obs (zi) denotes the difference between the theoretical Hubble parameter with parameter space
dm , ∆) for PEDE and GEDE models respectively, and the observational one at the redshift zi, and σ i obs is the uncertainty of H i obs . To constrain the PEDE and GEDE cosmological parameters we perform a Markov chain Monte Carlo (MCMC) analysis employing the emcee Python module (Foreman-Mackey et al. 2013) . We consider Gaussian likelihoods L ∝ e −χ 2 /2 , a Gaussian prior over h centered at h = 0.7403 ± 0.0142 , R19, hereafter) and a flat prior over Ω (0) m : [0, 1] for both, PEDE and GEDE models. Additionally, we consider a flat prior on ∆ : [0, 10]. Notice that the parameter zt presented in the GEDE model is related to the parameter ∆ through the condition ΩDE(zt) = Ωm(zt).
As a complement, we perform a similar analysis but alternatively using a flat prior on h : [0, 1]. Our analysis consider a burn-in phase which is stopped when the Gelman-Rubin convergence criteria (< 1.1) is fulfilled and a MCMC phase with 3000 steps and 500 walkers for each one.
Results
In this section we report our results obtained in Bayesian analysis. In Table 1 are provided the mean values for the parameters and their uncertainties estimated at 1σ in both scenarios and using the homogeneous and non-homogeneous OHD. Additionally, we also report the parameter mean values when a flat prior over h is considered. These are in agreement with those obtained using a Gaussian prior on h. Our constraints are very similar to those obtained by Li & Shafieloo (2019) , estimating a deviation on ∆ within 1σ CL with the one estimated by Li & Shafieloo (2019) from a CMB+ h (R19) joint analysis. Figure 1 shows the 2D confidence region at 68% (1σ), 95% (2σ) and 99.7% (3σ) of the free parameters for GEDE (top panel) and PEDE (bottom panel) models, using the homogeneous and non-homogeneous OHD, respectively. Additionally, their 1D posterior distributions are presented. It is worth to note that although the homogeneous sample provides slightly broader confidence contours than those obtained with the non-homogeneous sample, the constraints are less (cosmology-model) unbiased. As it is expected, we find an anti-correlation relation between Ω (0) m and h for both models. For GEDE model, we also observe a positive correlation between ∆ and h. For the GEDE model, our ∆ constraints are in tension with ∆ = 1.13±0.28 obtained by Li & Shafieloo (2020) employing CMB and the H0 measurements. Figure 2 shows the comparison of the Hubble parameter in GEDE and PEDE cosmologies with the observational ones including non-homogeneous and homogeneous BAO OHD points. Notice that both models provide a good fit to the data. Figure 3 shows the reconstruction of the deceleration parameter as a function of redshift for both, PEDE and GEDE models when the non homogeneous and homogeneous OHD are employed. The universe undergoes a transition from decelerated to accelerated expansion at redshift 0.784 +0.044 −0.044 and 0.809 +0.057 −0.057 for the PEDE and GEDE models respectively (homogeneous OHD). Our constraints are consistent at 1.95σ and 1.1σ respectively with the results by Jesus et al. (2018) . Additionally, the reconstruction of the jerk parameter for both models is shown in Figure 4 . By construction the PEDE and GEDE are DDE models, hence the jerk evolves as a function of the scale factor and it is not equal to one as in the cosmological constant paradigm. We also report the deceleration and jerk parameters at z = 0, q0 and j0, we estimate yield values of q0 = −0.784 +0. Table 1 . Mean values of the free parameters for GEDE and PEDE models using homogeneous and non-homogeneous OHD and a Gaussian prior on h = 0.7403 ± 0.0142 . The last column is the redsfhit zt with Ωm(zt) = Ω DE (zt). The uncertainties reported correspond to 1σ confidence level. In parenthesis are the best fit values when a flat prior on h is considered in the region [0, 1]. 
DYNAMICAL SYSTEM ANALYSIS
In this section, we investigate the PEDE and GEDE models from the dynamical system approach to obtain the critical points and stability conditions of the models. This phasespace and stability examination let us to bypass the non-linearities of the cosmological equations, and facilitates a complete analytical treatment, to obtain a qualitative description of the global dynamics of these scenarios, which is independent of the initial conditions and the specific evolution of the universe. Furthermore, in these asymptotic solutions we are able to calculate various observable quantities, such as the DE and total equation-of-state parameters, the deceleration parameter, the density parameters for the different species, etc., that allows us to classify the solution.
In order to perform the stability analysis of a given cosmological scenario, one first transforms it to its autonomous form X = f(X) (Wainwright & Ellis 1997; Ferreira & Joyce 1997; Copeland et al. 1998; Perko 2000; Coley 2003; Copeland et al. 2006; Chen et al. 2009; Cotsakis & Kittou 2013; Giambo & Miritzis 2010) , where X is a column vector containing some auxiliary variables and primes denote derivative with respect to a time variable (conveniently chosen). Then, one extracts the critical points Xc by imposing the condition X = 0, and in order to determine their stability properties, one expands around them with U the column vector of the perturbations of the variables. Therefore, for each critical point the perturbation equations are expanded to first order as U = Q · U, with the matrix Q containing the coefficients of the perturbation equations. The eigenvalues of Q determine the type and stability of the specific critical point.
PEDE model
To start our analysis, it is convenient to write the cosmic evolution equations in terms of the scale factor. Using the rule
and using units where 8πG = 1, the field equations are written as
ρ r (a) + 4 ρr(a) a = 0,
3H 2 (a) = ρ DE (a) + ρm(a) + ρr(a).
Integrating (23a) with the EoS w(a) given by 
Hence,
Defining the time variable τ = log 10 a, we have df dτ = ln(10)a df da . Alternatively, we can define the time derivative 
Defining
Therefore, This implies that the equation of state can be expressed as a function of the phase space variables, that is,
The dynamical system for the vector state (T, Ωm, Ωr) T is now given by
(1 − T )T 3 (2(Ωm + Ωr − 1) + ln(10)(3Ωm + 4Ωr))
dΩm dτ = T 2 Ωm(ln(10)(3Ωm + 4Ωr − 3) + 2(Ωm + Ωr − 1))
dΩr dτ = T 2 Ωr(Ωm(2 + 3 ln(10)) + 2(Ωr − 1)(1 + 2 ln(10)))
defined on the bounded phase space (T, Ωm, Ωr) ∈ R 3 : 0 T 1, Ωm + Ωr 1, Ωm 0, Ωr 0 . We have three parameters in the model, Ω Figure 6 . Dynamics of the system (33) on the invariant set T = 0. The line P 7 : (0, Ωm, 1 − Ωm), and its endpoints P 8 and P 9 are local attractors. P 6 is the global source.
eters are constrained in previous section, for the following qualitative and numerical analysis we take the homogeneous constraints, Ω . Notice that multiplying term by term the system (33) by the equation (27), results in a system which can be integrated in terms of redshift.
We can study the dynamical system (33) as we discussed in Table 2 . The system (33) admits two relevant invariant sets T = 1 and T = 0. The variable T satisfies T → 0 when H → ∞; T → 1 when H → 0; and T = 0.5 when H → H0.
In the invariant set T = 1 the dynamics of the system (33) is as shown in Fig. 5. The equilibrium point P3 : (1, 0, 1) is a local source, P4 : (1, 1, 0) is a saddle and P5 : (1, 0, 0) is a local sink (but a saddle in the 3D phase space). On the other hand, the dynamics at the invariant set T = 0 is governed by an integrable 2D dynamical system such that the orbit passing through (T, Ωm, Ωr) = (0, Ωm,0, Ωr,0) atτ =τ0 is −0.015 . There are three solutions P3, P4 and P5 dominated by radiation, DM and DE, respectively, that satisfy T = 1. This means that H = 0 for these solutions, and they are saddles. The point P6 is the source, it satisfies Ωm = 0, Ωr = 0, therefore, it is dominated by DE. As T = 0, this implies that H → ∞. Because it is a source, it represents the initial stages of the cosmic evolution, dominated by DE. This means that for the model not only dark energy accounts for the recent accelerated phase of the evolution but also the initial stage is driven by an accelerated dark-energy dominated expanding phase. To analyse the nonhyperbolic points P7, P8 and P9 that satisfy T → 0, we rely on numerical examination, where we see that they behave as saddles as shown in the top of Fig. 7 . However, when the dynamics is restricted to the invariant set T = 0, it is governed by an integrable 2D dynamical system, such that the line P7 : (0, Ωm, 1 − Ωm), along with the endpoints P8 and P9, are local attractors (as shown in Fig. 6) , whereas P6 is the global source.
GEDE model
In this section we investigate the GEDE model with ΩDE given by Eq. (15) whose evolution is given by (1) with w(z) defined by (17). Due to the flatness condition given by Eq. (3) we obtain the restriction
(36) Table 2 . Stability of the equilibrium points of the system (33).
Label
(T, Ωm, Ωr) Eigenvalues Stability
(1, 0, 1) {2 + 4 ln(10), −2 ln(10), ln(10)} saddle P 4 (1, 1, 0) 2 + 3 ln(10), − 3 ln(10) 2
, − ln(10) saddle P 5 (1, 0, 0) {−2(1 + 2 ln(10)), −2 − 3 ln(10), 1} saddle P 6 (0, 0, 0)
This implies that the equation of state can be expressed as a function of the phase space variables, that is,
3 ln (10) . (37) In this case we calculateτ as a function of the redshift through
(38)
The dynamical system for the vector state (T, Ωm, Ωr) T is now given by dT dτ = − 1 2 (T − 1)T 3 (2∆(Ωm + Ωr − 1) + ln(10)(3Ωm + 4Ωr)) + ∆(T − 1) 3 T (Ωm + Ωr − 1) 2 g(∆, zt)
dΩm dτ = T 2 Ωm(2∆(Ωm + Ωr − 1) + ln(10)(3Ωm + 4Ωr − 3))
dΩr dτ = T 2 Ωr(2∆(Ωm + Ωr − 1) + ln(10)(3Ωm + 4Ωr − 4))
with g(∆, zt) = tanh (∆ log 10 (zt + 1)) + 1,
defined on the bounded phase space (T, Ωm, Ωr) ∈ R 3 : 0 T 1, Ωm + Ωr 1, Ωm 0, Ωr 0 . In the GEDE model, we take as the observable parameters the homogeneous constraints (which are less unbiased due to any underlying cosmology, see §3):
DE = (0.247, 7.72 × 10 −5 , 0.752). The stability of the equilibrium points of system (39) are discussed in table 3 3 . The system (39) admits the relevant invariant sets T = 1 and T = 0. In a similar way as for the PEDE model, the upper bounds of the parameter mean values are zt ∼ 0.403+ 0.058 = 0.461 (homogeneous OHD) and ∆ ∼ 0.690+0.624 = 1.314 (homogeneous OHD), the dynamics is qualitatively the same as for the system (33). That is, in the invariant set T = 1 the equilibrium point P3 : (1, 0, 1) is a local source, P4 : (1, 1, 0) is a saddle and P5 : (1, 0, 0) is a local sink (but a saddle in the 3D phase space). On the other hand, the dynamics at the invariant set T = 0 is governed by an integrable 2D dynamical system, such that the line P7 : (0, Ωm, 1 − Ωm), along with the endpoints P8 and P9 are local attractors, whereas P6 is the global source. The late-time attractors on the 3D phase space are the equilibrium points P1,2 with T = 1 (1±Λ)
, Ωm = 0, Ωr = 0, with Λ ≡ 2Ω (0) DE g(∆,z t ) . Therefore H± = ±Λ. The cosmological solutions corresponds to a±(t) = a0e ±Λt . The choice +, that is associated to P1, corresponds to an ever expanding de Sitter solution. The solution corresponding to P2 satisfies a → 0 at late times. Therefore, it is an static solution. However, this solution is not physical because the condition T 0, requires 0 Ω −0.017 , the restriction has less probability to be satisfied. There are three solutions P3, P4 and P5 dominated by radiation, dark matter and dark energy, respectively, that satisfy T = 1. This means that H = 0 at these solutions and they are saddles. The point P6 is the global source, it satisfies Ωm = 0, Ωr = 0, therefore, it is dominated by DE. As T = 0, this implies that H → ∞. Because it is a source, it represents the initial stages of the cosmic evolution, dominated by DE. This means that for the model not only dark energy accounts for the recent Table 3 . Stability of the equilibrium points of the system (39). We use the notations g(∆, zt) = tanh ∆ ln(z t +1) ln(10)
Label (T, Ωm, Ωr) Eigenvalues Stability
(1, 0, 1) {−2 ln(10), ln(10), 2(∆ + 2 ln(10))} saddle P 4 (1, 1, 0) − 3 ln (10) 2 , − ln(10), 2∆ + 3 ln(10) saddle P 5 (1, 0, 0) {∆, −2(∆ + 2 ln(10)), −2∆ − 3 ln(10)} saddle P 6 (0, 0, 0)
(0, 1, 0) {0, 0, 0} nonyperbolic accelerated phase of the evolution but also for the initial expanding phase.
To analyse the the non-hyperbolic points P7, P8 and P9 that satisfy T → 0, we use numerical examination, where we have shown they are saddles (see Fig. 7 ). However, when the dynamics is restricted to the invariant set T = 0, it is governed by an integrable 2D dynamical system, such that the line P7 : (0, Ωm, 1 − Ωm), along with the endpoints P8 and P9 are local attractors, whereas P6 is the global source. The dynamics is exactly the same as presented in Fig. 6 after τ is re-scaled by the factor 1−Ω (0)
> 0. Figure 7 shows the dynamics of the systems (33) for the PEDE model with Ω 
r = 0.247, 7.72 × 10 −5 . The blue lines correspond to orbits with initial condition (T (0), Ωm(0), Ωr(0)) = 0.5, 0.252, 7.62 × 10 −5 and 0.5, 0.247, 7.72 × 10 −5 , for PEDE and GEDE respectively, which represent the current universe. All orbits are attracted by the point (marked with a star) P1 : (T, Ωm, Ωr) = (0.449833, 0., 0.) (PEDE) and P1 : (T, Ωm, Ωr) = (0.472999, 0., 0.) (GEDE). We have evaluated g(∆, zt) ∼ 1.213046 using the upper bounds of zt ∼ 0.461 and ∆ ∼ 1.314 (homogeneous OHD).
The top panel of Figure 8 shows the numerical solution for the system (33) (PEDE) and (39) (GEDE) using the initial conditions at current epoch. For this particular solution, at early epochs, the universe is dominated by radiation (equilibrium point P8), later on, the matter becomes equal to radiation, then it begins to dominate (equilibrium point P9). At late times, the emergent DE dominates the Universe dynamics in a de Sitter phase (equilibrium point P1). The aforementioned radiation dominated solution P8 and the matter dominated solution P4 do have T = 0. This means that H → ∞ at these solutions, as expected (H ∼ 1 2t for the usual radiation dominated solution and H ∼ 2 3t for the usual matter dominated solution). In the bottom panel of the same figure, it is shown the difference between the dynamical variables for the GEDE and PEDE models.
CONCLUSIONS
We investigated the phenomenological models recently proposed by Li & Shafieloo (2019 for which the dark en- (bottom panel). The blue lines correspond to the orbit with initial condition (T (0), Ωm(0), Ωr(0)) = (0.5, 0.252, 7.62 × 10 −5 ) and (0.5, 0.247, 7.72×10 −5 ), for PEDE and GEDE respectively, which represents the current universe. We see that all orbits are attracted by the point (marked with a star) P 1 : (T, Ωm, Ωr) = (0.449833, 0., 0.) (PEDE) and P 1 : (T, Ωm, Ωr) = (0.472999, 0., 0.) (GEDE). ergy is negligible at very early times of the Universe, dubbed PEDE and GEDE models. The main characteristic of these models is that they emerge at late times sourcing the accelerated expansion of the Universe through ΩDE(z) ∝ tanh(z). While in PEDE model there is no extra degree of freedom as the standard model, the GEDE model introduces one free parameter (∆) which plays an important role to recover the ΛCDM and PEDE dynamics when ∆ = 0 and ∆ = 1, respectively.
We put observational constraints for the PEDE and GEDE models through the most recent observational Hubble data samples: one including non-homogeneous OHD points from BAO and other sample where they are homogeneous. Our analysis was performed with flat and Gaussian priors on the dimensionless Hubble parameter at the today h. Our constraints for the PEDE model are consistent with those obtained by Li & Shafieloo (2019) . Nevertheless, our ∆ limits (e.g. 0.69 +0.624 −0.457 ) are consistent with PEDE model but in tension at 1σ with ∆ = 1.13 ± 0.28 obtained by Li & Shafieloo (2020) from Planck and H0 (R19) measurements. Considering the uncertainties on ∆, there is no strong support of GEDE over the Λ model when OHD (low redshift) are employed. In addition, we also reconstructed the cosmic evolution for the deceleration and jerk parameters in the PEDE and GEDE scenarios. For both models, the deceleration parameter undergoes a phase transition from a a decelerated expansion to an accelerated one (at z ∼ 0.78, 0.8). By construction PEDE and GEDE are dynamical dark energy models, hence the jerk parameter deviates from one. Furthermore, our values for the deceleration-acceleration transition redshift and currrent values of the cosmographic parameters q0 and j0 are in agreement with those reported in the literature (García-Aspeitia et al. 2018c; Haridasu et al. 2018; Hernández-Almada 2019; Hernández-Almada et al. 2020) . Regarding our stability analysis, we reconstructed the evolution of the dynamical variables Ωm, Ωr, and ΩDE for PEDE and GEDE models using the homogeneous constraints since they are less unbiased due to any underlying cosmology (see §3). We obtain that they have a very similar dynamics (Fig. 8) . We see that the Universe evolves to a de Sitter solution, corresponding to the equilibrium point P1 with a+(t) = a0eΛ t , (see §4) from a matter dominated phase, preceded by a radiation dominated epoch. However, the main difference with the evolution of the ΛCDM model is that the global source (equilibrium point P6) is dominated by DE. This means that for the model not only dark energy accounts for the recent accelerated phase of the evolution but also the initial stages are driven by a DE dominated accelerated expanding phase. This feature of PEDE/GEDE models is not mentioned by Li & Shafieloo (2019 . Furthermore, there is a possibility to have an attractor in P2, with a−(t) = a0e −Λt , which is not an expanding solution for H0 > 0 at late times. However, this solution is not supported by data (Abbott et al. 2018) 
r = (7.72 +0.26 +0.25 ) × 10 −5 for GEDE, which makes the condition of existence for P2 hardest to be satisfied.
On the other hand, many emergent DE models as those studied by García-Aspeitia et al. (2019a) based on unimodular gravity, predict a birth of DE in the reionization epoch at z ∼ 17, where an excess of photons has been detected by EDGES (Bowman et al. 2018 ) that could imply new physics beyond the standard scenario. In this vein, the PEDE (GEDE) model could also emerge at the same epoch, being in agreement with the unimodular gravity. At z ∼ 17, the PEDE density is ρDE ∼ 10%ρ 
NOTE ADDED
While this work was being typed, we became aware of a complementary study of PEDE model, developed by Liu & Miao (2020) , that appeared in the arXiv repository. Liu & Miao (2020) , used CMB data from Planck 2018, BAO measurements and SNIa data, to obtain the bounds on total neutrino masses with the approximation of degenerate neutrino masses, in some Dark Energy settings, in particular in PEDE models.
